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· theory of functions of a complex variable • f . . ... 
The ber of problems in the field of engineering ;:do ~tmoS! importance in solving a large 

. . . . . . 

ni1ml functions are solved with the help of functio scf1ence. Many c~mplicated integrals of 
rea ns O a complex vanable. 

coMPLEX VARIABLE 

J" + iy is a complex variable and it is denoted by z. 

(I) z = x + iy · where i = ✓.:i (Cartesian form) 
• 

• 

(2) z == r ( cos 0 + i sin 0) (Polar form) 

• 

(3) z = re;o (Exponential form) 

~;·tti~ FUNCTIONS OF A COMPLEX VARIABLE 
f (z) is a ·ft1nction of a complex variable z. and is denoted by w. 

lV = f (z) 
lV = ll + iv 

\Vhere ll and V are the real and imaginary parts of f (z). 

• 

·;'_): LIMIT OF A FUNCTION OF A COMPLEX VARIABLE 

y 

0 X 
y 

X 

y 

X 

p (x, y) 

P (r, 8) 

y 

X 
• 

Let f (z) be a ·Single valued function defined at all points in some neighbourhood of point z0• 

Then the li1nit off (z) as z approaches z
0 

is w
0

• · . . . . , 
• 

·Lim f(z) = w0 
z➔zo 

• 

CONTINUITY • 

Tbe function f (z) of a complex variable z is said to be continuous at the point Zo. if for . 
any given positive number e, we ca~ find a number 3 such that I/ (z)-f (zo)I < e · · _ 
for all points z of the domain satisfying . · 
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⇒ 6; = cos 2e _ ; sin 20 _ 
oz oz 
f I ans for different values of 0, - has differ 

S
. z depends on 0. t me . oz ent Val 
~~ ~ 

6; h different values for different z. 
It means - as 

6z 
. 6; not tend to a unique limit when z * o. 

Therefore hm T does · 
oz--10 uz . · d h /() · . ~ 

11 
ws that/(z) 1s not umque an ence z 1s not diffe 

Th from (1) 1t 10 o . . rentiab1 
us, ' _ 0 · f (0) = O and 1s umque. e % 

But when z = b thenf(z) - z.e., enz~o 
e the function is differentiable at z = 0.. . . 

Henc '. th d the above example 1 1s agam solved as exampl 2 p 
By a d1ff erent me O , e on pa toved . ge 322 , 

ALYTIC FUNCTION · 
. J (z) is said to be analytic at a point z0, if/ is differentiable n 
~ ~~ 

. every point of some neig_hb_ourhood ~f z_o. . . • at zo but at 

A f
. t' f (z) is analytic m a domam if 1t 1s analytic at every point of h unc ton . . . t e do . 

Th 
• t t which the function is not differentiable 1s called a singular p . main. 

e poin a . . " . ,, " , 01nt of th fu 
An analytic function is also kno':n a_s holon_iorph1c , regular',. "monogenic" e nction. 
Entire Function. A function which 1s analytic everywhere (for all 2 in th · . e complex 
is known as an entire function. . . . Plane) 
For Example I. Polynomials rational functions are entire. 

2. jz j2 is differentiable only at z = 0. So it is no where anal . 
l . d'"1': . bl d yttc. 

Note: (i) An entire is always ana yt1c, 1uerent1a e an continuous funct· . ion. But c 
is not true. . 

0
nverse 

(ii) Analytic function is always differentiable and continuous. But conv . 
true. . erse is not 

(iii) A differentiable function is always continuous. But converse is n t t L o~ m :fHE NECESSARY CONDITION FOR f {z) TO BE ANALYTIC 

. > Theorem. The necessary conditions for a function f (z) = u + iv to be anal tic 
points in a region R are _ Y at al/ the 

(i) au= av (ii) au = - av provided du dll dV dv 
ax ay ay dx dx' dy' dX, dy exiSt 

Proof: Let/ (z) be an analytic function in a region R, 
/(z) = u + iv, 

where u and v are the functions of x and y . 
s: Let Ou and 8v be the increments of u and v respectively corresponding to increments ox and 
uy ofx andy. 

f (z +oz)= (u + 8u) + i(v + ov) 

Now /(z+oz)-/(z) _ (u+ou)+i(v+6v)-(u+iv) 6u+i8v ou .ov 
oz s: ---=-+1-

m & & & 

lim/(z+oz)-/(z)_ . (Ou .Ov) , . . (OU .ov) 
&➔O oz J;m

0 
~+ 1~ or J (z) = hm -+1-

. . ➔ uz uz oz->0 Oz Oz 
since 82 can approach zero along any path. 

... (ll 

F -. 
------ unctions of C -

• ornp1e 1, • 
A Jong real axis (x-axis) x variable A 1 . 

(
ti) ,t, _ x + . ' na ytic Functions ❖❖ r ~-;.~ · 

z - zy ---:..::.:.:.:.._:__:_.L:.·· .::..:·· -~' __ 'I' 

/ z == x but on x-a . 
• ./ , s: . Xis, y == 0 
· · · . g these values in (1) we h uz == ox, oy == 0 puttlfl ' ave 

y 

/'(z)::::. lirn (ou .ov) a ox -+1 u a ➔O ox & == -+ i v o --_;._P__;O:____... 
b) ~Jong imaginary axis (y-axis) ax ax .. . (2) (z = x) oz= ox x 

( . z==x+· 
iy · but 

. z == 0 + iy o _on y-axis, x == 0 
puttiog these values m (I), we get x - 0, oz == ioy. 

y 

a 

re,)~ 1:~oc: + ::; h~,(-; :· + .. )== -i au+ av 
P(z= iy) ⇒ 6z= i 6y 

Jf/(Z) is differentiable, then two value: of 
6
~ ay a_v ... (

3
) 

0 

Equating (2) and (3), we get f (z) must be the same. 

au+,.av - .au av --,-+ 
dX dx dy ay 

Equating real and imaginary parts, we have 

du av 
dx = cJy' 

av au 

. 
iJ y iJ x are known as Cauchy Riemann equations. 

- SUFFICIENT CONDITION FOR f (z) TO BE AN -- · ALYTIC 

X 

Theorem. The sufficient condition for a function f (;) - . 
a region R are z - u + ,v to be analytic at all the points in 

au dv du av 
(i) ax = ay' dy = - ax 

au dll av dv 
(ii) ax , dy ' dx, dy are continuous functions of x an~ y in region R. 

Proof. (i) Let/ (z) be a single-valued. function having 

du au av av 
ax' ay' ax' cJy' 

at each point in the region R. Then the C - R eCJ,uations are satisfied. 
,By Taylor's Theorem: 

f(z+6z) = u(x+&, y+oy)+iv(x+&, y+8y) 

(
au au ) [ (av av ) ] = u(x,y)+ -&+-oy + ... +i v(x,y)+ -ox+-_ 8y + ... . ax ay dx oy 

[
au .av ]. [au .dV ~] = [u(x,y)+iv(x,y)]+ -·&+1-·0X + -'-Oy+1-•oy + ... 
ax dX dy dy 

- "" •-~~- Y- _~•~.,.,._-:--:-••c---.-.... •-•· .. 
.- --------~-...-. - . 

.1 

., . 

! : 

• i 

,• 
.• ! 



I 

I 

j: 
1 
i ! 
I : 
! : 
j; 

;,i 
1. 

⇒ 

⇒ 

⇒ 

⇒ 

⇒ 

We know C - R equations i.e., 
::i a au av 
uu v and-=--
ax = ay ay ax . 

au d av b _ av and au respectively in (1 ), we get 
Replacing ay an a_y Y ax ax 

• •. II 
, . eerriirn~g~M~a~t~he~m~a~t~,cs=---------

❖❖ lntroduct;on to En~ /(z)+(: +i: )ox+(~; +i: )sy+ . 
(Ignoring the terms of second power 

( 

au . av) ox+( au+ i ov) o y and higher Po1,yers 

f(z+oz)- J(z) = ~+1 ax . . ay oy ' ) 
···(I) 

. (au .av)ox+(- av +iau)_oy 
f(z+'oz)- f(z) = ax +1 ax . ax ax (taking i cornlllon 

( 
a av ) ( av au ) . ( au . av ) ( . l 

"T ...!!..+i- .ox+ i-a +-a .16y = -a +z-a .(fu:+i6y) == ~ .av) 
ax ax X X X ' X d +1 ___ i 

X a •UZ 

f(z+Oz)-j(z)=au+iOV . X 

oz - ax ax 

. f(z+oz)-f(z) au .av 
hm ~-~--=----'-'- -+ 1-
&➔o 6z OX· ax 

' au .av 
I (z)=~+i~ 

' av .au I (z)=--1-ay ay Proved_ 

· Remember: 1. If a function is analytic in a domain D, then u, v satisfy c _ R c · •d .. . 
. . on I!Jons 

at all pomts m D. 

2. C - R conditions are necessary but not sufficient for analytic function. 

____ 3. C - R conditions are sufficient if the partial derivatives are continuous. 

l!ffim_ .. fd Show that the complex variable function f (z) = Jzl 2 is dtiffierentiable 1 '-/ h • • . ony at 
,,, •. .,_ t e orzgm. 

Solution.f (z) = Jzj2 where z = x + iy or J (z) = x2 + y2 

But f(z)=u+iv 

au av au 
ax = 2x, ay = 0, oy = 2y, 

If I (z) is differentiable then 

au av 
ax== ay or 

:. U = y:2 + y2, V = 0 

au =0 
ay 

2x = 0 or x = 0 

and au av 
ay = - ax or 2y = 0 o~ y = O 

C - R equations are satisfied only when x = 0 = 0 

Thus the given function/ (z) is differentiable ~~ly a; origin. Proved, 

• I 

______ F_u::.-n .ctions of com 
Plex Variabl 

e, Analytic Functions ❖❖ r-~· ::--;· -- -

Determine whethe I . -----_:___t....:..:_~-~'_J. ·. 
r - is anal · -

z Yt1c or not? 
e I • 
tiOO• Let w = f.(z) = u + iv = ! 

50111 z 

U + iv = _J__ == X - iy 
~ x+ry ~ 

tl·og real and imaginary parts we t Y 
eq1.1a ' ge 

u ---,-!_ -
x2 + 2' v::-:-L 

au 
ax 

dv 
dx 

du 
dx 

Y xi 2 
2 + y 

(x + y2).1-x 2x 2 2 
--;;-----..:•:__- y - X 

(x2 + 2)2 ==---
Y (x2 + y2)2, 

2xy 

(x2+ y2)2' 

av·au av 
c)y and c)y =- ax· 

au_ -2.xy 
dJl - (x2 + y2)2. 

dV y2..:.x2 

dJl = (x2 + y2)2 

Thus c - R equations are satisfied. Also partial deriv . . 
I . . . attves are contmuous except at (0, 0). 

Therefore ; is analytic everywhere except at z = 0 . 

dw 
Also dz - '; 

. dw 
This again shows that -d exists everywhere except at - 0 H 1 z z - . ence - is analytic 
everywhere except at z = 0. . z 

mli
,;;;.;.n;;;,,."-11 Sh th h fi . Ans. .. ~ ow at t e unction e< tc + · · ,1 · ~ . . I' os Y I sm Yi 1s. an analytic function, find its 

-'/ derzvatzve. 
Soludon. Let e' (cosy + i sin y) = u + iv 

So, e< cos y = u and e< sin y = V the au X n ax =e cosy, 
av -a =ex cosy 

!Y . 

du x . av x . 
ay =-e smy, a.x=e smy 

Here we see that 
au av 

ax =ay' 
au av 
-=--ay ax 

These are C - R equations and are satisfied and the partial derivatives are continuous. 
Hence, e' (cosy+ i sin y) is analytic. 

f( 
. au X av X • 

z)=u+iv=e<(cosy+ysiny)and-=e cosy, -=e smy 
ax . ax 

f
'( ) au . dV X . • X • X ( • • ) X iy x+iy z z = - + 1 - = e· cosy+ ze sm y = e cosy+ z sm y = e .e = e = e . 

dx dx 
Which is the required derivative. Ans. 

Using the Cauchy-Riemann equations, show that f (z) = z3 is analytic in the 

s. entire z-plane. · 
Solution. /(z) = z3 = (x+iy)3 = x3+3x

2
(iy)+3x(i.Y.)2 +(iy)3 

I , . 
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tfOduction to -
In ., , . .1v- y~) 

3 ~TI"- +1(3.l , , 3 

·-.. :-7 .. ··· 
' A 

== X -~- ' 2 V == 3., y-y 
- x3 - 3.l} ' - u + iv. u -

Also /(:) - ou _ 
3 

2 -3/ •·· (I) 
--X 
o:c 
ov = 6.xy .... (3) 
ox 

OU 0V 
from (I) and (4), ox = OJ' 

dll dV 

au =-(ixy 
oy . 
av 2 2 
-=3x -3y ay 

(2) and (3), :l., = - ox . 
From Uf rf I derivatives are continuous. . s are satisfied and pa ia 
Tbas C - R equ,hon · function. . . tr,, 

f (z) is an analytic . . if h function w = sm z and hence denve that· '11. Hence:, ~ . . Ti t the analyllc1ty o t e . 
'ifi;tffl'll§i.l es ex +e-x 
liiii ( ~(sinz)=cosz coshx =-

2 
dz 

•.. (6) 

. == sin z = sin (x + iy) . . 
Solution. w . cos iy + cos x sm zy 

== smx •nh 
= sm· x cash y + i cos x s1 y 

X -x e -e 
sinhx=-

. 2 
eb: +e-b: . h v = cos x sinh Y ] cos x 

u=smxcos Y, <Ju_ . inh [cosiy=c~shy 
<Ju osh y - -smxs y . . ·s1nh Y b: -ix -=cosxc , ::l., sm l)'=l e -e 
'.}x v:, sinx----
0 2i 

2 

av . sinhy av =cosxcosby -=-smx , ey ax 

···OJ 

.•. (2) 

... (3) 

... (4) 

Thus au= av and 
ax ay 

au av 
. eix +e-ix 

From (1) cosh ix = --= cosx 
2 

OJ' ox 
So C -·R equa;ions are satisfied and 

partial derivatives are continuous. 

Hence, sin z is an analytic function. 

d d · · "nh J -(sin z) =-[smxcoshy+ zcosxs1 Y 
dz dz 

a · h · . h ) : -(smxcos y+zcosxsm y . ox 

. i(ix) +e-i(ix) 
From (3) cos,x = - ---

From (4) 

2 

ei(ix) -e-i(ix) 
sinix=----

2i 
X -x 

= i ~ = isinhx 
2 

From (2) sinh i~ 
ix -ix 

_e_-_e_ = i sinx 
2 

cosxcoshy-isinxsinhy = cosxcos iy-sinxsin iy 

"'cos(x+iy)=cosz 

li?idlttll Show that the ,ea/ and Lmagfoa,y pans af thefimctlon w ~ Lag z satSfa o, 
• Ca,,chy-RLemann equations when z Ls not zero. Find its dedvatl".". _ . 

0 
Solution. To separate the real and imaginary parts of log z, we put x = r cos 0, Y - r sm 

w := log z "' log (x + iy) 

Ans. 

⇒ u +iv:= loge (r cos •0 + ir.sin 8)"' log, r(cos e + i sin 0) = loge r.ei
8 

! 
! 
i 
i 
I 

F . . . unctions of Corn I . 

P ex Vanabte, Analytic Functions ❖❖ f°3"~:\-. 

so 
X [r=J7;lj 

8=tan-ll 
X U::::Jog -fx2;;; I 

e X +y ::::2IO~(x2+y2}, V=tan-lt ntl·atmg u, v, we get ·ffere • • X 

ood
1 au 1 1 

- = - --c:-- .(2x)::::--:;-.:_ 
ax 2 x

2 
+ y 2 x2 + y2 

av I ·(1) x -=--=-::--
2 X 2 2 dy I+L X +y 

x2 

du av 
(1) and (2), -a= ;}. . frOill X uy 

. differentiating ~• v, we have 
Again du 1 I , 

-=--(2y)=--:c-L ay 2 x2 + y2 x2 + y2 

av 1 ( y) y 
dx _=-1 y2 - x2 =-x2+y2 

+-
x2 

(3.) and (4), we have from 

au av 
dy =-ax 

E 
tions (A) and (B) are C - R equations and partial derivatives are continuous. qua . 1 . fu . 

H e w = log z 1s an ana yt1c nct1on except · enc , ., . 
- x2+v-=O ⇒ x=y=O ⇒ x+1y=O ⇒ z=O when · .; . 

Now w = u + zv 

dw au . av X . y X - iy 
-=-+1-=--1-=-
dz ax ax x2+y2 x2+y2 x2+y2 

x-iy I 
-----=-=-

... (I) 

... (2) . 

... (A) 

... (3) 

... (4) 

... (B) 

(x+iy)(x-iy) 

· d d · · . Ans. Which is the require envat1ve. . _ 

l@W)@J Find the point where the Cauchy-Riem~nn equations are satisfied for the 
function: 

x+iy z 

J (z) = xy2 + ix
2
y. Where does j' (z) exist? ~ere f (z) is analytic? 

Solution. We have,f (z) = xy2 + ix2 y, f(z) = u + 1v . 
U = .xy2, V = x2y 

au 2 av= 2 -=y , a xy ax X 

au av 2 
-= 2xy, ay· = X 

ay . ! lff (z) is an analytic function, then it will satisfy C - R equations. 

au = av i.e. y2 = x2 ··· (I ) _ ax ay 



. g Mathemaut-::. - ...:.:"--------
duction to Engineerin 

Intro 

dll av . ,., ""'' = - 2xy or 4xy = 0 ___ 1.e. -.r 

c)y - dX ... (<) 

. (I) and (2), we get x = ~ ~ Od j'(z) exists at origin only and no Where I 
Solving t"ons are sat1s e , e se. b 

. in C - R equ~ '. 'le~c 
At o~ig alytic at origin only. d C such that the function I\~ e 
J(z) 1s an l es of C1 an 2 s. 
')~Find the va u y2- 2xy + i(Cf -Y + 2xy) is analytic. Also find 

,lliiil _{i; ; f (z} = x2 + cl - . (AI<To, 2/i(z). 
·• . ___ 2 + CI - 2xy + z(Cz-t2 - y2 + 2xy) 6-.201

7
) j(z) = U + IV - ;. I 

Solution. Let . in parts, we get . 
Equating real and imag ~-2 + C . .2 _ 2xy and v = C.]!2 - y2 + 2xy 

u-;. IY av 
au 2 d -=2C2x+2y -=2x- y an ax 
dX 

av 
-=-2y+2x ay 

.. 

:u = ~v 2x-2y=-2y+2x 

C _ R equations are l 
au'X=_ ;v => 2Ciy-2x=-2C2x-2y 

ay ax 
From (2) equating the coefficient of x and y. 

2C =-2 ⇒ CI=-l 

-~ = -2C2 ⇒ C2 = 1 

H C = - 1 and C2 = 1 ence, I 

On putting the value of C2, we get a . 
au = 2x - 2y av = 2x + 2y 
dx · ' x 

f'(z) = au +iav =(2x-2y)+i(2x+2y) = 2[(x+ix)+(-y+iy)] ax ax 
= 2((1 + i)x + i(I + i)y] 

= 2(1 + i)(x + iy) = 2(1 + i)z 
This is the required derivative. 

1!¥difu!M~ Show that the function z I z I is not analytic anywhere. 
Solutio'k•Let w = z I z I 

w = u + iv and z = x + iy 

w= ·z lz I 

u=x../x2 +y2 

⇒ 

and 

du ~ x • 2x 
- = "x- + y- +---===--
ax 2.)x2 + y2 ' 

I z I= .J x2 + y2 

u +iv= (x + iy) .Jx2 + y2 

V = y.jx2 + y2 

av_ ~ y · 2 y -=vx-+y-+ 
dy 2.jx2+y2 

··-0) 
··-(2) 

Ans. 

Ans. 

du x
2 + / + x2 

_ 2x2 + y2 
ax ✓xi + y2 - ✓ xi + y2 ·· .( 1) 

x2 + 2/ N ... (2) 
x2+y2 

------.:.:.··-::.· ·~ v, \.,Ornplex Vari 
able, Analytic Functions 

dU = X·2y . 

dy 2~ 

au 
-= 
cJy 

J Whenx =t:-y, 
ose . . 

xy 

.Jx2 + Y2 

and 

... (3) 

R equations are not satisfied 
130th C j z I is not analytic when x :ct:. y. 
fhU5, z When x = Y 
ose JI. au _ 2y2 + y2 _ 3/ 3y 

from (I), ax - .jy2 + y 2 - .[27 = Fi 

dU Y
2 

Y 

av 
-=-Y·2x 
ax 2 ri=i 

vx- + yf 

av - xy 
ax- ✓ 2 2 

X +y ... (4) 

[From (1) and (2)] 

[From (3) and (4)] 
... (5) 

from (3), r)y = .J y2 + y 2 = ✓2 F av y2 
rom (4), - = -==-- _ Y 

dx ✓/+y2 - ✓2 
du dv -*--~ ~ ~ 

fi rst c - R equation is satisfied but not second Here · 
Thus z I z I is not analytic when x = y. 

from (5) and (6) we conclude that z I z I is not analytic anywhere. 

~J Discuss the analyticity of the/unction f(z) = zz. 
Solutioi(" f(z) = zz = (x+iy) (x-iy) = x2-i2y2= x2+y2 

f (z) = x2 + y2 = u+iv. 

U = X 2 + y\ V = 0 

At origin, 
au _ 1. u(O+h, 0)-u(O, 0) _ 1. h2 

_ O 
- - Im ----'---....;__----'--'- - Im - -ax h->0 h h-,o h 

au = Jim u(O,0+k)-u(0,0) Jim .(C = O 
ay k➔o k k➔o k 

Also, av= Jim .v(0+h,0)-v(0,0) O 
ox h➔O h 

av= lim v(O,O+k)-v(O,O) = O 
ay k➔o k 

Thus, au av au av 
- =- and - = - - . ax ay oy ax 

Hence, C - R equations are satisfied at the origin. 

. .. (6) 

Proved. 
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f (z)- J(O) = Jim , . 
. f'(O) = Jim z z-10 x+1y 

. ;➔O 

. r - mx then 
Let z ➔ 0 along the JO~ y (x2 :m2 xi) = Jim (I+ ~2)x = 0 

J'(O) = !1..To (x+imx) _.--,o l+1m 

. H e the function/(z) is analytic at z = 0 
fi f '(O) is unique. enc 

There ore, Ju . f tzl = u + iv, where 
__ -:---:,.,,. Show that the nctwn h' .,_ 

{

x3(J+iJ-y3(1-i) z:;t:.0 
2 2 ' 

f (z) = X + Y 

0, z=0 

satisfied the Cauchy-Riemann equations at z = 0. ls the function 

z = 0 ? Justify your answer. . (MDu analytic Q/ 

Solution. 
x3 (I + i) - y3 (1- i) = u + iv . Deq009) 

J<z) x2+l 

x3-y3 
u=--2• 

x2 +y 

x3 + 3 
v=--y-

x2+y2 

' . au 
[By differentiation the value of a' au av av . O 

a,v ' a, ... ' a,u at (0, 0) we get - so w 
principle method] x ✓ .,.. ✓ 0 ' e apply first 

At the origin 

Thus we see that 

h3 

au= lim u(O+h, 0)-u(O, 0) = lim h 2 = I 
ax h➔O h h.-+O h 

-k3 

au= lim u(O, O+k)-u(O, 0) = lim k 2 =-l 
ay k➔O k k.-+o k 

h3 

av_ 1. v(O+h, 0)-v(O, 0) 
1
. Ji2 

- - 1m -----'----'- = 1m - = I ax h➔O h h.-+O h 

k3 

av= Jim v(O, O+k)-v(O, 0) 
ay k-.o k 

au av au av 

(Along x-axis) 

(Alon~ Y· axis) 

(Along x-axis) 

(Along y-axis) 

ax = ay and dy = - OX 

Hence, Cauchy-Riemann equations are satisfied at z = 0. 

[

x3 3+ · (3 3 I Again /'(O)=lim /(O+z)-/(0) _ . -y 
2 

1 
-: +y )-(0) 

z-.o 
2 

- hm x + y z.-+O ---.........:.. ____ _ 

x+iy 

F .. -·- ·-·· ·· 
-------=unctions of Corn 

Plex Variable . 
· 'Analytic Functions ❖❖ f:'G 'i" ' -- .. -------4· ...:_:_.:__ __ -~ 

X + y2 ·--:--
=!~[~ 

1 
l [Increment=z] 

t ~ ~ O along y =x, then · x+1y 
J"[oW le ,, 3 

/'(O) = ~~ ~( l ) 
- X +x2 -

~ . . x+~ 
=-- I i(l ") 

2(1 + i) -~ = ~ _ i + 1 l 
. Jet z ➔ 0 along y = 0, then l + I (l + i)(l- i) - l+I = 2 (l + i) ... (I) 

Main 3 

J'(O) = lim x +ix
3 

I 
X➔O ~-;=O+i) 

( 1) and (2), we see that/ '(O) is not . . .. (2) 
f rorn · umque. Hence th fu · 

"'o._-.s,._ e nction/(z) is not analytic at 

P!fflf@bfil_,,5h,~w that the function de/med by f (z = r-; Ans. 
~ b;>Satrsfied Cauchy-Riemann . ) v\xy\ 

/-✓,. 1/ equatzon at the . . b 
~ point. origin ut is not analytic at that 

Solution, Let . f(z_) = u +iv= J;ii 
Equating real and 1magmary parts, we get u = ~ , v = 

0 
At origin 

Also 

ou = Jim u(O+h, 0)-u(O, 0) . 0-0 
ox h--+O h = hm - = o 

h-.O h 
ou = lim u(O, O+k)-u(O, 0) . 0_ 0 oy k.-+O k = hm -=0 

. dV = Jim v(O+h, 0)-v(O, O) 
ox h.-+O h 

ov = lim v(O, O+k)-v(O, O) 
oy k--+O k 

k.-+O k 

. 0-0 
hm-=0 
h.-+O h 

. 0-0 
hm-=0 
k➔O k 

from the above results, it is clear that 

011 ov au av 
-=-and-=--ax dy ay ax 

Hence, C- R equations are satisfied at the origin 

f'(0) = Jim /(z)- /(O) Jim '~ -0 
z➔O z z-.O x+iy 

Let z ➔ 0 along the line y = mx, then 

j'(O) = lim M-o Jim ✓ Im\ 
.x➔o x(l+im) x➔O l+im 

Thus, the limit on R.H.S. depends upon m and hence will have different values for different 
values of m. · 
Therefore, f '(O) is not unique. 
Hence the functionf (z) is not analytic at z = 0. Proved. 

:'R • Show that the Junction . 

/(z) = e-z 
-4 

(z * 0) and 
/(0) = 0 
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1ntroduct

1 
_ 0 although, Cauchy-Riemann equ . 

Mic at z - , h" ation __ .c.-::__....,___ is not ana., Id you explain t IS. s Q,-e 
t the point. How wou . I • sq,4fi 

1. 
,· 
I 

•I 

r 

a 4 ---4 ~ 
-z4 -(x+iv) _ e (x+iy) 

J(z)=u+iv=e =.e . -
Solution. 

At z= 0 
-h-4 

au . u(0+h, 0)-u(O, 0) - lim-e- = Jim I 
-= hm h h-,o h h-,o 4 ax h➔O heh 

Hence 

But 

= lim 
h➔O 

au . u(0, 0+k)-u(0, 0) - = hm----'-'·-'--..;__---
ay . k-+o k 

-k4 

I. e 
1
. I 

Im--= Im--= O 
k--tO k k--tO _!_ 

k ek4 
1,4 

av = lim v(O + h, 0)-v(O, 0) lim ~ = Jim _I_= O 
ax h➔O h h--tO h h--tO _!_ 

h.e"
4 

a -k4 \ 
~= Jim v(O, O+k)-v(O, 0) = lim-e- =lim _I_ =0· 
ay k-+o k k-,o k k-,o _!_ 

k.ek4 

au av au av 
ax = ay and ay = - ax ( C - R equations are satisfied at z = 0) 

/'(0)= lim f(z)- /(0) 
Z➔O z 

______ 1-_u_n..::_ct:.::io::.n:::s~of1 C . . . -- -·· . . 
on,pfex Yariab1 . 

e, Analytic Functions 

-[/~l-4 
. -~-4 
· f'(O) == lim ~ -,-4 -(cos.':.+isin.':.)-4 

r-,o ;!:. :::Jirn~-e 4 4 

re 4 '➔0 .lt ,_ 
re 4 -,-4 

= lime e-cos1t -r-4 

r-,o--;--=1irne ·e 
1-4 r➔o~=oo re ;_ 

. thatf'(z) does not exist at z = 0 H re 4 

b0wing · ence J (z) i 
5 Show that the function f /.. 1 ,, ,,; s not analytic at z == o. Proved. 1Z1 ue1med by 

{

x
3
y5(x+iy) [AKTU2014-15] 

f(z) = x6 + ylO , z :t= 0 

O , . z=o 
is not anlytic at the origin even th h . . 
at the origin. oug it sails.fies Cauchy Riemann equations 

' 3 s(· (UP. lllSemester 20JJ) 
Heref(z)== u+iv=x Y x+iy) 

x6 + ylO - , z :t= 0 

Equating real and imaginary rts 
4 s 

3 
pa , we get 

_ X y X y6 
U - X6+yl0' V=6w 

X + y 

0 au 

ax 
lim u(O + h, 0)-u(0, 0) . h6 . 0 
h-, o h · - hm - = hm - = O 

h ➔ O h h ➔ O h? 

0 au 

ay 
Jim u(O, 0 + k) -u(0, O) 
k ➔ O k 

. ~ 0 
hm-::: lim-=0 
k-, 0 k k ➔ 0 k11 

0 . av 
ax 

_ 1. v(0 + h, 0) -v(0, 0) . h6 . o 
- 1m ---"-----...:...~ = hm - = hm - = O 

h ➔ O h h ➔ 0 h h--t0h7 

0 
av = lim v(O,0+ic)-v(O,O) 
dy k ➔ 0 k 

klO 0 
lim -= lim-=O 
k ➔ O k k ➔ Ok11 

From the above results, it is clear that 

au av av au - = - and -=--
ax ay ax ay 

Hence, C - R equations are satisfied at the origin. 

1
. . f(O + z) - f (0) 

1
. [x3 y5 (x + iy) 

But f '(O) = Im-'------- Im 
6 10 z ➔ O Z :c ➔ O X +.y 

y ➔ 0 

x3y5 
= lim ----=

x ➔ 0 x6 + YIO 
y ➔ O 

Let z ➔ 0 along the radius vector y = mx, then 

) 
I 

0--
x+iy 
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-. 3-10 ~ ❖ ❖ 1ntroduct1on s 8 . ms x2 - 0 -
m x == Jun to 4 - - - 0 

f
'(y)== lirn 6 - toxto x..-)oJ+m x l 

.t..-)ox + m 
Jong the curver ==x

3 
···(I) 

Again z ➔ O a x6 l 

f '(O)"' Iirn ~+x6 ==2 
.t..-)OX 

f '(0) does not exist. Hence,f(z) is not analytic at . ···(~) 
(1) and (2) show that tions are satisfied. ongin a1th 

h Riemann equa %fit 
Cauc Y J the Junction · ~'1 . . - ·:I E amine the nature o; , 

·[i1i;tT#P#Y~ x {x3 y (y- ix) , z ;t: o 
6 2 

j(z) == X + y 
o , z =:O 

h 
J(z) - f(O) ➔ O as z ➔ 0 along any radius 

Prove t at z Vector bu 
• . I 1701 

z ➔ 0 in any manner and also that J (z) 1s not analyllc at z == O. as 

x3y (y-·L.-) -

f (z) = u + iv- 6 2 'z :;t 0 
Solution. Here, x + y 

u= 

ou 
ax 

x3y2 x4y 
-, v=--6--2 
X6 + y2 X + y 

u(0 + h, 0) - u(0, 0) 
lim 

h__.,0 h 

au . u(0,0+k)-u(0,0) 
ay = l~o k 

av . v(O + h, 0) - v(O, 0) 
- = hm h ax h__.,O 

dv . v(0,0+k)-v(0,0) - = hm .....:...:__.._:__..___,__~ 
ay k__.,o k 

From the above results, it is clear that 
du = dv and 
ax dy 

Hence, C-R equations are satisfied at the origin 

- f(z)- f(O) = [x
3
y (y ~ix)_ o]. _I_ 

z x6 + y2 x+iy 

0 

· h6 0 hm -= lim __ 
h ➔ O h li➔ O ,i1- 0 

0 
· - k2 . 0 

hm -k-= ltm --o 
k ➔ O k ➔ O k3 -

0 

· h6 
. 0 ltm -= l11n -=O 

h->O h h-,o h7 

0 
- 2 

lim _k_= lim _Q_=O 
k ➔ O k k-,o k3 

- ix3 
y(x + iy) I· . x

3 
y = ·--=-1---(x6 + /) X + iy X6 + y2 

Let z ➔ 0 along radius vector y = mx then, 

Jim f(z) - f(O) == lim - ix
3 

(mx) 
z ➔ O z x-,ox6+m2x2 

. 2 -1mx 
Jim 

4 7 
x➔ O x + m-

0 

-----...:..J-:::.unctions of Co . . . -- -·---- .. -
rnplex Variable . 

f(zl::,_i!!!l ➔ 0 'Analytic Functions ❖❖ /'::_-- ~; · · ·· 
::.--- asz ➔ Oal 

t1eoce, z ong any tact· 
v O l ~~~ Jet z ➔ a ong a curve Y == x3 th r. 
-..ro-W O) , . 3 3 en, 
1~ J..(z)- f( == Jim ~ _ -i 
ff11 ~ x➔O x6 + x6 - 2 
.~o 
, - z - f(O) fJJ-- does not tend to 
tf e!lce, z zero as z ~ 0 I 

h / '(O) d a ong the curve - 3 
«i observe t at oes not exist hencef() . Y - x. 
Y'e z is not ana!yt' 

_ IC at z == 0. Ans. 

~-R EQUATIONS IN POLAR FORM 

j- ~==;: 

au - -r av 
J0 - or · (RGPV., KU. 2009, Bhopal, Ill Sem. Dec. 2007) 

f We know that x = r cos 0, and u is a fu t· 
proo7 . nc ion of x and y 

/ z == x + zy = r( cos 0 + i sin 0) == rei8 _ · 
I>' u +iv= f (z) = f (n!8) 

Differentiating (I) partially w.r.t., "r", we get 
- du .av , .8 .

8 - + z- = f (re' ).e' 
dr dr 

Differentiating (1) w.r.t. "0", we get 
du . av , .8 .8 - + 1- =f (re' )re'· ae ae 1 

Substituting the value of /' (r e;e) e;e from (2) in (3), we ·get 

au + i dv = r ( au + i av )i au . av . au av 
ae ae dr dr or ae + l ae = lr dr - r dr 

Equating real and imaginary parts, we get 

1:=-r:1 ⇒ dv -I du 
-=--
dr r ae 

And 

... (1) 

... (2) 

... (3) 

Proved. 

1$fj1111i"'41 Find p such that the function f (z) expressed in polar coordinates as 
f(z) = r2 cos 20 + ir2 sin p0 is analytic. -

Solution. We know that 
f(z) = u + iv 

Here, u = r2 cos 20 and v = r2 sinp 0 

C-R-equations 

du 
=2rcos20 

dr 

av da =pr2 cos Pa 

... (I) 

... (2) 

- -.-·· -·-· · .... 
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I av 

£!!. "'-a0 ar r 
011 and av from (1) and (2) in (3), we get 

. th values of a,: o0 
0 Putting e 0 

n 20 == pr cos p 
2r cos 

20 =p cos Pe 2 cos 
p == 2 

~ IN POLAR FORM 
IVATIVE Of w . v 

atv au -~ --+I 
that w = u + iv, ax - ax ax 

We knoW (au . av} sine 
:i ae aw 0- -+z- --

dw aw ar +~ -=-cos ae ae r 

But & ~ :, :,8~9(: ~ :~ r ~:) s~9 
or 
aw 0 ·(au +?v)sin0 = -COS -I a,- or ar 

aw 0 .aw.e 
:i.., . a ( . )sin0=- cos -1 -sm 

_ ~ cos8-1- u+iv ar ar 
- ar ar 

aw 
= (cos0-isin0) ar 

aw 
Second form of dz 

J. aw ar aw a0 - acu+iv) cos0- aw sine 
uiV - - - +- - - dr 08 r 
~ - ar ax as ox 

(
au .av) aw sin0 = -+1- cos8- ::ie · or or u r 

( 
1 a V - i ! . au l cos 0- aw. sine 

= ; a0 r a0 ae r 

= -; (!; +i!; )cos0- ~; ( si;0) 

= -~ i_(u+iv)cos0- a. w(sin°} 
r ae ae r 

= -~ aw cos0- aw sin 0 
rae a0 r 

i .. aw 
= --(cos8-1sm8) -

r ae 

dw .. ow 
- == (cos0-,sm0) -
dz or 

dw 
the two forms for -

'fbese are dz · 

If n is real, show that r" I'. · 
,cos n0 + . . 

r =IO[ and that its derivative is Ism n0) is analytic except possible when 
n,-n- cos (n - 1) 0 + i sin ( 

w == - n - I) 0]. -fion. Let f (z) - u +iv== r" ( 
soil• u == r" cos ne cos ne + i sin n0) . 
f-JefC, au ' V ::: r" Sin n0 

~ = n,-n-l cos n0 ~- n-1 . 

fJere, 

and 

ur ' ' a,. - nr sm n0 
au 
ae == - nr" sin n0, av n 

a0 == nr cos n8 
au 
- = n,-n-1 co 0 1 ( n ) ar s n == ; nr cosn0 

au _ I av 
a,. - ; ae 
av 
ar = .nrn-1 sip n0 

av I ( n 
ar = -; - nr sin n0) 

av I au 
ar == -; ae 

Equations (I) and (2) satisfied C-R equations. 

We have, ';- (cos9-;sin 9); a(cos9-; 5;n0)(;; +;t,J 
= (cos 0 - 1 sm 0) (nrn--1 cos n0 + inrn--1 sin n0) 

... (I) 

... (2) 

= (cos 0 - i sin 0) n,n-l (cos n0 + i sin n0) 

= n,-n-
1 

{(cos n0 cos 0 + sin n0 sin 0) + i (sin n8 cos 0 - cos n0 sin 0)} 
= n,-n-1 {cos(n - I) 8 + i sin(n - 1)8} 

This exists for all finite values of r including zero, except when r = O and n s; 1. 
(except at z = 0) Proved. 

EXERCISE 11.1 ·· -
Determine which of the following functions are analytic: 

1. x?- + iy Ans. Analytic at all points y ':= x 

2. 2xy + i(x2 - y2) Ans. Not analytic 

x-iy 
3. x2 + y2 

4. 

5. 

I 
(z-l)(z+ 1) 

X-iy 

x-ry+a 

· Ans. Not analytic 

Ans. Analytic at all points, except at z = ± 1 

Ans. Not analytic 
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344 ' ❖ ❖ Introduction Ans. Yes, analytic 

. osh y + i cos x sinh Y Ans Yes, analytic at origin 
6. smx c • 

1 xy + ;y2 . J(z) == zz + z2 
in the complex pla 

• . . f the function . . d" er . ne, \Vh 
. ss the analyt1c1ty o fl d the points where tt is tuerentiable but ere ~ s. D1scu . . f z Also n . . not a is 

Oniplex conjugate O 
• Ans Differentiable only at z == o l..r nalyt1· the 

C . • . , i'IO \Vh c. 
. of z is not analytic any where. ere analyr 

9 Show the function th function w defined by the following equaf le. 
. lues of z do e ion c 

10. For what va . h v + i cos u sinh v. , eases t 
lytic? w = sm u cos A o • ana · iy . lls ue . _ _..:__---z is an analytic function find dw ' 2 *1 

Show that the function w - x2 + / x2 + y ..__d • Arts I 11. z . , 

. the nature of the function 
12. Examine 

//(x+iy)-z-#0 /(0)=0 in the region including the origin A 

" zl 

f (z) = 4 JO ' ' 
X + y . 

. ns. Not 
ana11n• 

"IC 

Choose the correct answer : 

fu f / ( ) _ ~ z -::1= O be continuous at z == O we sh · 
13. In order that the nc 10n z - z , , oulct defjne1 

~~~ ~ 
( ) 2 · , (b) - 1 (c) 0 (d) I 

14. I;f (z) is analytic and equal to u (x, y) + iv (x, y) thenf'(z) equals. 
a au av au .av 

Ans. (c) 

OU . u (b) --i- (c) a-la (d) none of these 
(a) OX -I oy . OX ax :Y X Ans. (a) 

15. The only function among the following, that is analytic, is : 

(a)lff(z)=Re(z)(b)f(z)==lm(z) (c) f(z)==z (d)f(z)==sinz. 

16. The Cauchy-Riemann equations for f (z) = u (x, y) + iv (x, y) to be analytic are : Ans. (d) 

a2u a2u ' a2v a2v _ (b) au=_ ov ou _ av 
(a) a.t2 + ay2 = 0, ax2 + ay2 - 0 ax oy' oy - - ax 

a11 _ av 011 av ( d) ou = _ ov 011 ov 
(c) ax - ily ' ay =-ax ox oy' oy = ox Ans.(c) 

17. Polar fonn of C-R equations are: 
au 1av au av 

(a) -=-- -=r-
a0 r ar' ar a0 
au 1av 011 av 

(c) ar = ; a0' a0 = -ra,: 

18. Analytic function is 

(a) single valued function 
(c) differentiable function 

19. If w = f (r 11'1), then dw is 
. dz 

(a) (cos0+ isin0) ai., 
ar 

(c) (sin 0+i cos8) dk• 
dr 

(R. G.P V., Bhopal, ffl Semester. D 
· ec. 2006) 

( b) au = r dV ' du = ! av 
a0 or or r ae 
au dv du dV 

(d) or - r o0' o0 =-r or Ans.(c) 

(R.G.P. V., Bhopal, Ill Semester, June, 200~ 

(b) bounded function 

(d) All the above 

(b) (cos0-isin0) ow 
or 

( . ow 
(d) sm0-icos0) -

or 

Ans. (a') 

Ans.(b) 

____ ....,._ _ _:_Functions of C • ... . . . -· 
ornplex Va. 

and z2 are two complex numbers th nable, Analytic Functions ❖❖ ~-'-·34_·g-- -,- :;, 
1ft, I I en I z + 

iO· ) ,::; [ z1 I+ Z2 (b) < I I 
Z2 I is 

(t1 ~ I Z11- 1z2I (d) - zi1 + lz2I 
(c) - ( ) + i v (x ) . ~ I ziJ + lz2! . . 

,::; ti :t, Y • Y 15 an analytic fu . . ' Ans. (b) 
1 lf W • nctton of z d 

i . aw = x + iy, then ~ equals 
·- a dz (t1) I ax (b) -i~ 

ax 
aw 

(c) iay (d) - i ~ 
- uy . 

curve u (x, y) - C and v (x y) = C 
f}le ' 1 are Orth . zz, and v are complex functions (b) ogonal 1f 
(a) 11 

1 • u + iv is a 
11 _ v is an ana yt1c function. (d) u + . n analytic function. 

Ans. (d) 

(c) v ts an analytic fu t' 
nc 10n Ans. (b) 

(U.P. II Semester, June 2009) HOGONAL CURVES 

s are said to be orthogonal to h 
. . eac other wh h . 

. oints of intersection. , en t ey mtersect at right 1 
f thetr P . f . ang eat each 

o 'fhe analytic unction .l(z) = u + iv . 
f; consists of two fi T 

) "" c? which onn an orthogonal system. amt tes of curves u (x, y) = c and 
V (.t, y - . U (x, y) = c I 

, - I (1) v"(x, y) = c
2 

... y 
. au au ... <2) 

Differentiating (I), -a dx + -dy = O 
X d)' 

au 
dy - ax ( ) dx. - - du = m1 say 

d)' 

av 
Similarly from (2), dy = - cJx = m (say) 

dr: cJv 2 

' ' ' ' ' ' ' ' ' u (x, y)= c1 

V (X, y) = c2 

d)' 0::----:------•X 
The product of two slopes 

(C - R equations) 

=-1 
_ Since m, m, = - l, two curves u = c1 and v = c2 are orthogonal, and cl' c

2 
are parameters, 

11 - c1 and v = c2 form an orthogonal system. 

~ONIC FUNCTION (UP, JI Semester 2009-2010) 
.JAny function which satisfies the L;place's equation is known as a hannonic function. 

Theorem. If/ (z) = u + iv is an analytic function, then u and v are both harmonic functions. 
/roof. Let/ (z) == u + iv, be an analytic function, then we have 
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011 ==~ ... (1.)1 
a,.. d!Y - C-R eq · .,.. uations. 
au av ... (2) 

ay==-ax 2 
i)2u i) V 

. . (I) with respect to x, we get ax2 = ax c)y 
Differentiating 

a2u iJ2v 
.. ~itferentiating (2) w.r.t. 'y' we have ay2 = - ay ax 

a2u a2u ,iv a2
v 

+ ------
Adding (3) and (4) we have ax2 ay2 - axay ayax 

a2u + a2
u =0 

ax2 ay2 

a2v + a2
v =0 

Similarly ax2 ay2 
Therefore both u and v are harmonic functions. 

S h functions II v are called Conjugate harmonic functions if u + . . uc , 1v 1s also 
function. ana1Ytic 
~# __ ,Define a harmonic function and conjugate harmonic fiu . 
~~ fi . if h ju . U I" nction p · ,," harmonic conjugate unction o t e nctwn {x, y) :! 2x (J · tnd /L 

~ -~- ~ 
· ( UP. , III Semester D 

Solution. See Art 11.13, on page 345. Here, we have U (x, y) = 2x (l ~ y). ec. 2009) 

Let V be the harmonic conjugate of U. 

By total differentiation 

dV = 

V = 

av dx+ av dy 
OX i)y 

_ au dx+ au dy 
ay ax 

- (-2x) dx + (2 - 2y) dy 

2x dx + (2 dy - 2y dy) 

x2 + 2y-y2 + C 

Hence,. the harmonic conjugate of U is x2 + 2y - y2 + C 

(Total Differentiation) 

U == 2x-2xy 
au 
a;==2-2y 

au 
-==-2x 
dy 

Ans. 

· UfjQfa4t1J Show that the function u ==.!.log (x2 +y2 ) is h • F· . . '/ . 2 armomc. ind Its harmonic 
,<1 con1ugate. . 

l Solution. u == 2 Jog (x2 + /) 

au I I 

ax == -2 - 2--2 · ( 2x) == _x_ Similarly au = _ Y_ 
X + y X 2 +y2 oy x2 + y2 

a
a2~, == <x2+<) . 1-x c2x) == l-x2 
x· (x· +y2)2 , (x· + /)2 

_______ F.unctions of Con, • . . · . -·----,· ···-·. 

Plexvariabl o2u (x2 +yi) 
1 

8• Analytic Functions ❖❖ ._- 347 .... .. ,,. 
-2 = . -y(2y) 2 

oy~==-~ 
z a2u . (x + Y2)2 

au+- =O ---r :\ 2 ax dY 
e u is a harmonic function 

f{e11c be the harmonic conjugat~ of . 
1.,et V d av av u. 

v=-;-dx+-dy- au a 
ox ::i.. ---dx+ u 

vy ay -dy 
y ax (By C - R equations) 

dv=---i--ctx+ x 
X +y2 --i--dy 

X +y2 

dv - xdy-ydx ( .) 
- xi+ y2 == d tan-1; 

tegrating, we get v = tan-1 l'.. + C h 
Jo , w ere C · . . x is a real consta t 
This is the required hannonic conjugate. n · 

•'l?.~i.--"'""!'- Prove thal u = x2 -y2 d y •. an v==--
/ b 2 2 ut are not harmonic . x + y COll]ugates 

Ans. 

are harmonic functions of (x, y), 

solution, We have, u = x2 _ y2 · 

au =2x, _a2_u =2 au . 
ax ax2 ' ay == -2y, 

a, :\2 . 

2+~=2-2=0 
ax

2 a/ 
11 (x, y) satisfies Laplace equation, hence u ( ) . h . d X, y IS armomc 

V = A ' ~ = 2xy 
x- + y ax (x2 + y2)2 

a2v = (x2 + /)2 (-2y)-(-2xy)2(x2 + y2)2x 

ax2 (x2 + y2)4 ... {1) 

( 
2 2

)( 2 ) ( 2 ' 3 x + Y - Y - -2xy)4x 6x y-2y 

(x2+y2)3 (x2+y2)3 

a ( , 2 
~ = x- + y ) · 1-y (2y ) x2 _ y2 

dy (x2+y2)2 (x2+y2)2 

a2v (x2 + /)2 (-2y)-(x2 - /)2(x2 + y2)(2y) (x2 + /)(-2y)-(x2 -/)(4y) 

ay2 (x2 + /•)4 (x2 + y2)3 

-2:c2y-2y3 - 4x2y+4y3 

(x2 + y2)3 
-6x2y+2y3 
(x2 + y2)3 

. a2v a2v 
On adding (1) and (2) we get -+-= 0 ' . ax2 ay2 

v (x, Y) also satisfies Laplace equations, hence v (x, y) is also harmonic function. 

.. , (2) 

:I · 

' 
,'• 



and 

and 

function is hannoni~ - = re''fl and w = Rei<P Hence .
00

• z = w , "' 

Transformati . . 3 ,/a= R3 e3icp 

. reifJ =(Re~) => 

'd _ R3 0 = 3$ . both s1 e r - ' h . -
Bv companng x2 T + Zy w ere x - r cos 0 and Y ~ r . 
G'. •en function,! (:c, y) = - e)2 _ (r sin 0)2 + 2 x r sin 0 sin 8 

1' • 0)=(rcos f (r cos e, r sm . . , . 2 e + 2 r sin 0 = ,2 cos2 0 - r sm 

= r (cos , 2 0 _ sin2 0) + 2r sin 0 = r2 cos 20 + 2r sin e 
• 3 in 3 $) = R6 cos 6$ + 2R3 sin 3~ . . . 

J(W cos 3$, R 
5 

. d . Hence it will be harmomc function. p 
· in cosme an sme. . roved 

This is a funcnon Ju lions of x and y satisfying Laplace s equation, show h · mtttttifttH If$ and"' are . nc t Q/ 

.,__~<•."--.- s + itis analytic, wheae oq> o\jf 
/ dq> _ _y and I=:.+:;-. 
i s = dy ox ox oy 

functions of x and y satisfying Laplace's equations, Solution. Since $ and 'I' are 
. z a2"' ·· ti+_'I' =O 

ai ay2 
2 az 

E..Y + ....J!. = 0. 
ax2 a/ 

For the function s + it to be analytic, 
as ot 
ax = ay 
as a, 
ay = -ax 

• 

... (!) 

. .. (2) 

... (3) 

must be satisfied. 
... (4) . 

Now, 
... (5) 

... (6) 

Functions of Corn 
1 

. · 
--- --------:.:.:.::P ex Variable~alytic Functions 

ds == ~ (rJ<p _ ~ -)- a21b iJ2, ay ay ay a - -.c. - .,.....r 
. X ay2 dydx 

a, a (a"' a ·) 2 , 
- == - -.:r. + -1 a $ a-,~ ox ax ax au == 2 +-.-

., ih cJxdy J11J J) (5) and (6), we have 

frOfl'l ( ' a2~ - a2"' ::::: A+~ 
oxoy ax2 dyclx a/ 

e by (Z). 

·cb is~ fr m (4), (7) and (8), we have ~~\ !fl 0 

I p.ga 02q> d2\Jf d2q> d2 
--~ = -----Y 
ay2 ayax ax2 clxcly 

Solution. 

and 

⇒ 

is an analytic function of z = x + iy. 

Since u(x, y)and v(x, y) are hannonic functions in a region R, therefore 

o2
u + d

2
u = 0 

dx2 ay2 

a2v a2v 
-+- =a 0 
ox2 ay2 

F(z) = R+iS=(au _av)+i(au +:I 
Let dy dx ox vy ) 

Equating real and imaginary parts, we get 

R 

oR 
ax 

dR 
oy 

as 
ax 

as 
dy 

ou_av S=du+cw 
oy ax ' dX oy 
a2u a2v 
axay - dx2 

a2u a2v 
c)y2 - dxoy 

a2u a2v -+--
ox2 axay 

a2u a2v 
-~+-2 
dxoy dy 

a2 . 
Putting the value of ~ from (l) in (S), we get 

ax 

... (7) 

... (8) 

... (I) 

... (2) 

... (3) 

... (4) 

... (5) 

. .. (6) 
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- duction to • . ·· 3521 ❖ ❖ Jntrodu~t velocity 
;~fLhen!sult!ln ·1 a-::J 

The n,agnitude o = I:! :::: •.JI';+".,·· 

•d quipotential lines and lines of fo 
. ' ""C, are calk e . . . :: tee res 

_ c and ljl(.,.-') • ) - c and 'I' (.l', y) C~ are known a . ~Ctiv 
..,x, _r) - , • .I ·urves cj, (x, y - ' s tsoth e1,, 
V\ bl 01 t 1e 1,; et'tti J. 

In heat flow pro . e I . s ii~• 
· -~cine\. UNCTION ~ heat tfow 1\ncs ~~ • E CONJUGATE F 

, HOD TO FIND TH 
~ MET , -) = u + iv. and II is ~O~!!: 

\.. I Gh·en. If f(- . 
- 1 Case . · . ~ .... ction. 
✓ 1i find. I ', conjugate IUJl a 

o dl• - av. dx + ..!. . dy (Total Differenr . 
Method. We kno,v that - at dJ' . tat1on) ... (I) 

av au d av by aau in (1), we get 
~ by-- an :}. , x fC-R.e Replacing lJx ay uy quati 

. 0ns] 

au . faudy 
v=-J a/ii+ ax. 

v= JMdx+JNdy 

⇒ au au ···(2) 
M=-~ and N=-w~re i)y ~ 

aM a ( ou J d
2
u oN a ( 

so that a_y = oy - oy = - oy2 and ox = ;)x ~ ):: ~ 
x dx2 o2u a2u 

since u is a conjugate function, so ax2 + ay2 = 0 

⇒ 
aM aN 

⇒ -=-
i)y ax 

Equation (3) satisfies the condition of an exact differential equation. 

So equation (2) can be integrated and thus v is detennined. 
Case II. Similarly, if v = v(x, y) is given 
To find out u. 

Weknow that au . au 
du== axdx+1 ay dy 

On substituting the values of au and au in (4) t 
ax ay ' we ge 

d av av 
u == -dx--dy 

On integrating, we get ay a~ 

... (3) 

... (4) 

... (5) 

·1 
I 

t-unctions of ComplR . •· 
,x Vanable, Analytic Functions ❖ ❖ 7 j 53 . 

d k av ov is alrea y nown so - , :- on R 1-1 
(since v . oy dx · · .S. are also known) 

.011 (5) is an exact ~tffercntial equation . 
r,quntlquently /(z) = u + 1v can also be determ· ~ndsolvmg (5), u can be determined. 

11~ ~-co · §llLet J(z) == u(x, y)+iv(x,y) b . 

· find v and exp f ( ) ·. e an analy11c Junction. If u = 3x - 2 xy. then ress z tn terms if . n Here, we have 11 == 3 x _ 
2 

· 0 z. 
So1uuo . xy 

au 
-=3-2y 

,,.,0 w that 
weiv• 

.ax ' 
au 
-=-2x 
ay 

(Total differentiation) 

== 2 X dx + (3 - 2 y) dy 
(av= - au ov == au) 

ax ay ' ay ax 

V == f 2 X dx + J (3 - 2 y) dy = x2 + 3 y- y2 + C 

/(z) = u (x,y)+ iv(x,y) == (3x-2xy)+ i(x2 + 3y-y2 + c) 

= (ix
2 

-iy2 -2xy)+ (3x+ 3yi)+ ic = i(x2 -y2 + 2ixy) + 3(x + iy)+ ic 

= i(x+iy)2+3(x+iy)+ic=iz2 +3z+ic Ans. 
hich is the required expression of/(z) in tenns ofz. • 

Show that the Junction u (x, y) == 4 xy - 3x + 2 is harmonic. Construct the 
~dliiii.-,.;.,""': ,"'"- - corresponding analytic Junction 

t f (z) = u (x, y) + iv (x, y). 

Express f (z) in terms of complex variable z. 
Solution. u = 4 xy- 3x + 2 ... (1) 

au · a2u 
ax= 4y-3, ax2 = 0, ... (2) 

au a2u 
-=4x -=0 ... (3) ay • ay2 

. o2u a2u 
On adding (2) and (3), we get -

2 
+ -

2 
= 0 

ax oy 

u (x, y) satisfied Laplace equation, hence u (x, y) is hannonic., Proved. 

We know that dv = av dx + av dy (Total differentiation) 
ax oy 

au au 
== --d-c+-dy 

oy ox 

= - 4 xdx + (4y- 3) dy 

v= J-4x dx+ J (4y-3)dy 

. = -2x2 +2y2-3y+c 

(Exact differential equation) 

f (z) == u (x, y) + iv (x, y) 
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r. ·• ·•• Introduction to . .2 3 y) + ic == - 2 ix2 + 4 xy + 2 ;,.2 3 
•• • ? + 2y - r- x 

. ___ ___.~-_-4 - 3 x + 2 + i (- 2r ( +iv)+ 2 + ic == - 2 i (x + iy)2 - 3 (x + i ) .._ 3 ~ i-

i 

i:. 
r· .. ,. 
' r 

- XJ' . .J.) - 3 X cr )' -1- " ii,. 
- - 2 i(x2 + 2 ,xy - ~ "- i- ic 'c 
~ 2 iz2 - 3z + 2 + ,c . ff(z) in terms of z. -A 

- - . d xpress1on o 3 . h . p· "lls . . the require e _2 .J - 2xy- 2x + y is armomc. md afi,, . . 
Which 1s h ==.x- - y f( ) . ...nc11

0 ~ •~---V''' •~ Prove t at u . I tic Also express z in terms of z - 11 \I S1t i .,, -"111 ' -'-' -~ - + iv is anay . GP.V. Bh . c,,th 
· ./-- J(z) - u (R. . .. , opal, Ill Sem ''<lt 

. ~~J 
Solution. We have, • line 2oo~ 

U == .x2 - • .2 - 2xy - 2x + 3y • ") 
y cfu 

au 2x - 2y - 2 => ax2 = 2 
ax 
au 
ay 

a2u a2u 
+-ax2 a/ 

-2y-2x + 3 

2-2=0 

a2u a2
u == 0 

=> 

-+-
⇒ ax2 ay2 

. . 
. . atisfied therefore u ts hannomc. 

Since Laplace equation IS s av' - av 
dv = -dx+-a dy 

Proved. 
[Total differenr . We know that ax y 

iation] 

⇒ 
... (1) [ 

av . -au a 

au au . (l) e get 
Putting the values of ay and ax m • w 

·: - = - - and -! _ au] 
ax ay ay -a;-

[C-R equations] 

⇒ 

Hence, 

dv = _ (- 2y _ 2x + 3) dx + (2.x - 2y - 2)dy 

v = J(2y+2x-3)dx+ f (-'-2y-2)dy+C 

v = 2xy + x2 - 3x - y2 - 2y + C 

Now, f(z) = u + iv 

(Ignoring 2x) 

Ans. 

(x2 _ y2 - 2xy- 2x + 3y) + i (2.xy + x2 - 3x - y2 -. 2y) + iC 

(x2 -y2 + 2ixy) + (ix2 
- iy - 2xy) - (2 + 3i) x - i (2 + 3i) y + iC 

(x2 - I+ 2ixy) + i (x2 
- y2 + 2ixy) - (2 + 3i) x - i (2 + 3i)y + iC 

- (x + iy)2 +i (x + iy)2 - (2 + 3i) (x + iy) + iC 
z2 + iz2 - (2 + 3i) z + iC 
(l + i) z2 - (2 + 3i) z + iC 

Which is the required expression off (z) in terms of z. Ans. 

~ Define a harmonic function. Show that the .function u ( x, y) = x 4 - 6x2 / + y4 

/ is harmonic. Also find the analytic .function f (z) = u (x,y) + iv(x,y). 

Solution. See Art. 11.13 on page 345 for definition of harmonic function. 
We have, 

u(x,y) = x4 -6x2y2 + y4 

au 3 ? 

ax =4x -12xy-

______ Functions of C . -- --

ornptex Variabl . au e, Analytic Functions ❖ ❖ r~};;s · . 
-- 12 2 
ay - - X Y+4y3 

d2u 
- - == l2x2 -12 2 

. ax2 y 

a2u 
ay2 == - l2x2 + 12y2 

. g (1) and (2), we get 
Addtn 

a2
u a2u 

-2 +-- J2x2 12 2 
ax ay2 - - Y -l2x2 + l2y2 

a2
u a2u 

-+--o 
ax2 ay2 -

u is a harmonic function. Jience, 
s find out v: -Let u 

av av 
know that dv = -a dx + -a dy We x y 

au au 
dv = -- dx + - dy 
- ay ax 

_ dv = (l2x
2
y-4y3) dx + (4x3 -l2xy2) dy 

v = J (l2x
2 
y-4y3) dx + f (4x3 - l2xy2) dy 

... (1) 

... (2) 

Proved. 

(Total Differentiation) 

[·. ~ = - : and : = !: ] 

(y is constant) (Integrate only those terms which do not contain x) 
v =4x

3
y - 4xy3 +C 

J (z) = l!+iv 

= x
4 

-6x
2y2 + y4 + i4x3y-4ixy3+iC 

· J (z) ~ x 4 
+4x

3 
(iy) +6x2 (iy)2 +4x(iy)3 +(i y)4 +ic· 

= (x + i y)4 + i C 
=z4 +iC [·:z=x+iy] 

· d I . fu t· Ans. This is the requtre ana yt1c nc 10n 

Di3Jf w = cj> + i\jl represents the complex potential for an electric fie! d and 

2 2 X 
'V=X -y +-1--2, 

X +y 

determine the function $. 

• Solution. 
' - 2 2 - X 

w=q>+i'V and 'lf=X -y +-2--2 
X +y 

2 2 2 a'I' (x1+y )·l-x·2x -2x+ y -x 
ax =2x+ (x2+y1)2 (x2+y1)1 

a'I' x(2y) = -2 2xy 
-=-2y 2 2 2 y ( 2 +/)2 dy (x + Y ) x 

·- -J 
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a~ dx a~ dy == a"' dx ,_ ~"' dy 
We know that, d~ == a + ay dy x 

" (~zrc,, ::')' )dt-[zx+ (;':;:), J dy 

♦" 1[-zr (x' ::')'] dt+c 

This is an exact differential equation. 

th == -2.xy + ~ + \ 
'I' x2+y 

Which is the. required function. ~-D Construct the analyticfunctionf(z) of which the realpart. 
~.;ii ... ~ . IS eX Cos 

Solution. f (z) == u (x, y) + iv (x, y), - Y. 

u (x, y) == e cosy 

a au X • 

_!!.==excosy, -a· =-e smy 
ax '.Y 

We know that, 
av av 

dv=-dx+-dy 
ax ay 

(Total differential) 

au au 
== --dx+-dy 

ay ax 

== e sin y dx + e cos y dy 

This is an exact differential equation 

r
av au a 
ax = - ay , f == ~] 

Y ax 
C-R equations 

v= f ex siny·dx+f ex cosydy 

[y as constant] [Ignoring the term containing x] 
V == e siny 

f (z) == _u + iv == e cosy + ie sin y = e (cosy + i sin y) 
. == e . eiY == e + iy == ff. . · 

Which is the required analytic function. 
(ifflmFfifl Find an analytic function w = u + iv given that 

X 
v=-2--2 +coshxcosy. 

X +y 

Solution. w=u+iv 

Given that 
X 

v = - 2--2 + cosh x cosy 
X +y 

Ans. 

We know that 
au au 

du=-dx+-dy 
ax ay 

(Total differentiation) 

funcuo - -- -- ... 
ns of Corn I 

p ex Variable A . 
bstituting the values of av av ' nalytic Functions ❖ ❖ Iii'"'-: 

OJ1 sll ax and - . . ay, We have 

du=[~ . 
(x2 + /)2 ..:.coshxsiny)dx [(x2 2 

- _+ Y )-x•2x ] =[~- (xi+y2)2 +sinhxcosy dy 

. (x +/)2 coshxsiny)c1x-[J.!'2-x2) . 
. ·s an exact differential equat· (x2 + 2)2 + s1nh x cosy] dy 

fbJS 1 ion • . y 

f du--.. J Cx;~;,Teoshxsiny) dx-J .[ > ..:..xi . ) 
_ y · (xi+ y2)2 +s1nhxcosy dy . 

u---- 'nh x2 + y2 -s1 xsiny+ C . 

w=u+iv=-L ·. [ · 
xi+ 2 -smhxsiny+i x 

Y · 2z+coshxcosy] + c 
y+ix X +y 

= ~ - sinh x sin + . x + y Y icoshxcosy + c 
_ i(x-iy) .. 
--+zsm· · . · 

x2 + y2 zxsmy+1cosixcosy + C 

iz -
=-2 +icos(ix-y)+C iz 

lz~ . =~+icosi(x+iy) +C 

iz 
= - 2 +icoshz + c 

lzl Ans. 

Which is the required analytic function. 

~•)@I An electrostatic field · th 11,lrll,lliilia,ijaliii,iM ,i. = x2 _ zn e xy-plan_e is given by the potential function 
'I' 3 Y Y, find the stream function. 

Solution. Let \Jl(X, y) be a stream function (G.B.T.U, III Semester, 2012, U.P., Jan 2011) 

We know that d\v == <1'V dx + <1'V dy = (- a<1> )dx + (a<1> )dy 
ax ay, ay ax 

== {- (3x2 - 3y2)} dx + 6:xy dy 

= - 3x2 dx + (3y2 dx :t- 6:xy dy) 

= -: d (x3) + 3d (xy2) 

\JI = f- d (x
3

) + 3d (xy
2

) + c 

\JI = - x3 + 3:xy2 + C 

ljl is the required stream function. 

[C-R equations] 

Ans. 

i\!:f:i 11Mrfgj Jn a two-dimensional.fluid.flow, the stream function is 'V "=-~,find 
X + y 

the velocity potential $. 

Solution. \JI _Y_ ... (1) 
== - x 2 + l 
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1.' 
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-~ · II . Mathematics...,_-_:.;,_ ____ _ 
. to Engineering 

1ntroduct1on a\l, 2 
2~ __ Y=~ 

We 1cnow that,. 

E! = 1 2)2 ' oy (x2 + Y2)2 
ax (x" + Y. a . a"' 

acp a<P dy = ..J'... dx -:- -a dy 
d~ = ax dx + ay ay X 

2 2) 2xy 
(y-X dx 2 22dy 

2 2)2 (x + y ) (x + y 

( 2 + y2) dx - 2x2 dx - 2.xy dy 
X 2 2 

(x2 + y ) 

(x2 + /)dx- x (2x dx + 2y 1Y) 
2 2 2 · 

. (x + y ) 

(x2 + /) d(x) - x d (x
2 

+ i) = d ( x ) 
= 2 22 -i---

(x +y) x+y2 

+~ J{</) 
X + ~=-2--2 C • 

⇒ X +y 

~ is the required velocity potential. 

.r h I . fi . Ans. Find the imaginary part OJ t e ana ytzc unction whose rea/ . 
3 2 3 2 3 2 , Part is 

.,,. X - 3xy + X - Y · 
V (R.G.P.V., Bhopal, III Semester, June 2009, Dec. 20

08 2 ;i. , 2005) 
Solution. Let u(x, y) = x3 - 3xy2 + 3x - 3J · 

We know that 

au = 3x2 - 3/ + 6x 
dX 

au 
= - 6.xy·- 6y ay 

av av au au 
dv = -dx + - dy ⇒ dv = ~ - dx + - dy 

ax i)y oy ox 

⇒ dv = (6xy + 6y) d"C + (3x2 _ 3y + 6x) dy [Total ~ifferentiation] 
This is an exact differential equation. 

v = f (6xy+.6y) dx + f-3/dy+C 

= 3x2y+6xy-y3+c 
Which · . the required imaginary part. Ans. 

Df""'"'f!,iii ·; If u - v ~ (x - y) (x2 + 4 xy + y) and f (z) = u + iv is an analytic function of 
"·· z = x + zy, find f (z) in terms of z. 

Solution. u + iv = f (z) ⇒ iu _ v = if (z) 

Adding these, (u - v) + ; (u + v) = (l + i) / (z) 

Let U+iV =(1 +i)f(z) where U =u-vand V=u+v 
F(z) = (l -I; i)/(z) 

U = u - v = (x - y) (x2 + 4 xy + y) 
= x3 + 3 x2y - 3 xy2 - y3 

Functions of C 
ornpfex Variabf . 

e, Analytic Functions ❖❖ i.359 · · 
au 
--3x2 6 ax - + XJl-3y2 

au 
--3 2 6 
ay - X - XJl-3y2 

d av av 
V=-·dx+-dy- au au 

ax ay ----dx+--dy 
t,nOW that we IV~ 

au au ay ax [C-R equations] 

ttl·ng the values of -a· and - w pu x ;}.. , e get on . vy 

= (-3x2 + 6 xy + 3 y) 
. t dx + (3 x2 + 6xy - 3 . .2) dy ung, we ge r . 

{lltegra f 2 · 
Y = (-3x +6xy+3y2)dx+f (-3y2)dy 

(y as constant) . 
(Ignonng terms of x) 

= - _x3 + 3 x2y + 3xy2 _ y3 + C . 

F(z) = U+ iV 

~ (x3 + 3 x2y 3 -.2 
. - -'Y - _y3) + i (- .x3 + 3 x2y + 3xy2 - y3) + ic 

= (1 - z_) x3 + (1 + i) 3 x2y - (1 - i) 3 xy2 - ( 1 + i) y3 + ic 

. = (1 - i) x3 + i (l - i) 3x2y - ( 1 - i) 3 xy2 - i (1 - i) y3 + ic 

= (l - i) [x3 + 3 ix2y - 3 xy2 - iy3J + ic · 

.= (1 - i) (x + iy)3 + iC = (1- i) 23 + ic 

(1 + i)f (z) = (1 - i) z3 + ic, 
[F (z) = (1 + i)f(z)] 

f(z) = 1- i 2 3 + ~ =- i (l + i) i i (I - i) . 3 1 +. i 
1 · 1 · z + -'---"---c = -zz +-c Ans + l + Z (l + i) . (l + i) (1- i) 2 • 

If f (z) = u + iv, is any analytic Junction of the complex variable z and 
_,, u - v = e' (cosy- siny),findf(z) in terms of z. 

Solution. u+iv=f(z) ⇒ iu-v=if(z) 

Adding, we have 

u + iv+ iu - v = f (z) + if (z) 

(u - v) + i (u + v) = (l + i)/(z) = F(z) say 

Put 

Now 
u - v = U and u + v = V, then F(z) = U + iV is an analytic function. 

We know that 

Integrating, we have 

U = e" (cosy- sin y) 

au x( . ) au x( . ) -=e cosy-smy and -=e -smy-cosy 
ax c)y 

av av au au 
dV = -dx+-dy =--dx+-dy ax ay c)y ax 

= e" (sin y +cosy) dx + e" (cosy - sin y)dy. 

V = e" (sin y +cosy)+ c , 

F(z) = U + iV 

= e" (cosy - sin y) + ii' (sin y +cosy)+ ic 
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Introduction to 

. 0 
dll == -Zr sin 20 + sm 
ar 

J dll _ av :::2rcos20-cose 
-; ae - ar 

dll ::: -2,2 cos 20 +, cos 0 
ae 

. tt· formula 

·,. (~) 

[llr°lli 
(3)] 

l differentta on a . 0)d 2 
Bytota au ~de==(-2rsin20+sm r+(-2r cos

2
e+ 

du= dr dr+ ae rcos0)d9 

[(2 dr)sinZ0+ ,
2
(2cos 20d0)]+[sin 0 · dr + r(cosed = _ r 

2 
0)] 

= -{(Zrdr)sin20-sin 0dr] + [-r 2cos20d0 + rcos Ode] 

Integrating, we get 

= -d(,2 sin 20)-: d(r sin 0) (Exact differential e 

%ation) 
u =-r2 sin20+ rsin e+c 

Hence, f(z)= u +iv = (-r
2 

sin20+ rsin 0+ c)+ i(r
2 

cos 20-rcose+ 
2
) 

= ir2(cos20+isin 20)-ir(cos0+ isin 0)+ 2i +c 

= ir2e2i8 -ire;a + 2i +c = i(r2e2i8 -;ei8) + 2i +c .. 

Ans. This is the required analytic function. . 

. ·(ID d thefiollowing with the polar form of Cauchy-Riemann equat· Ji:€ilfflt[I! e uce , . tons: 

i';,,- aiu _!_au+_!_d2U=O (b) f'(z)=!...[au+iav] 
(a) a,2 + r dr ,2 ae2 z ar ar 

Solution. We know that polar form of C-R equations is 

au I av 
or=; ae 
au av 
-=-r-ae a, 

(a) Differentiating (I) partially w.r.t. r, we get 

a2
u 1 av 1 a2v 

-=---+---a,2 r2 ae r a,ae 
Differentiating (2) partially w.r.t. 0, we have 

iiu a2v 
-=-r--ae2 aea,. 

Thus, using (1), (3) and (4) we get 

o
2

u I <JU 1 a
2
u I av 1 a2v 1 ( l av). 1 ( civ ) 

or
2 

+;or+ r
2 ae2 =-7 ae +; arae +; ; ae +7 -r ~ea, = 0 

... (I) 

... (2) 

... (3) 

... (4) 

Proved. 

F . . 
unctions of Cornp1 . . 

------..::.::.:.::..-:'..' ex Variable, Analytic Functions ❖ ❖ r-..§a3 ·-·· · -

,(;; +;:;)=t::: +:;t)+i(~ax +avay)] 
clx dr dy a, 

= ,[(
0
a

11 

cos0+ au sin 0)+. (av av )] 
:X. ay I aC0s(}+-sin (} 

X ay 
=rcose(aau +iav)+rsine(au .av) 

x ax -d +z- [By C - R equation] '.Y ay 
=x(au +iav)·Hy(~-;au) ox ax ay ay 
= x f' (z) + iy f' (z) = (x + iy) f' (z) = z f' (z). 

f'(z)=!_(OU +iav) 
z ar ar Proved. 

~~LNE THOMSON METHOD (To construct ;:1n Analytic function) . 

~'fuis methodf(z) is directly c?nStruc:ed Without finding v and the method is given below: 
11 BY z = x + 1y and z = x - iy 
- Since _ . . 

z+z z...cz 
x=--,y=--

2 ' 2i 

f(z) = u (x,y)+ iv(x,y) 

f(z)=u (z+z' z-z) +iv(~ z-z). 
2 2i 2 ' 2i 

This relation can be regarded as a fonnal identity in two independent variables z and z . 
·ng z by z, we get . 

Replaci J(z)=u(z,O)+iv (z,0) · 

... (I) 

Which can be obtained by replacing x by z and y by O in (1) 
Case I. If u is given · 
We have f (z) = u + iv 

, ) au .av f'() au au f (z =-+1-, z =--i-
ax ax ax dy (C ~ R equations) 

If we write du au · 
ax =4>i(x,y), dy =<l>z(x, y) 

f'(z) = <l>i(x,y)-i(l>z{x,y) or f'(z) = <l>i{z,O)-i<l>
2
(z,0) 

On integrating f(z) = f (l>i(z,O) dz-if <1>2(z,O)dz+c 

Case II. If v is given 
f(z)=u+iv 

du dV av .av ( )+. ( ) 
f (z) = ax+ i dX = dy + I dX = 'V1 x, y I \Jl2 x, y 

av av 
When '1'1(x,y)= ay' 'l'z(x,y)= ax· 

f(z)= f '1'1(z,O) dz+if'1'2(z,O) dz+c 

'; ' 
' . 
. , 
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1 ---38,n ❖❖ 1ntrod NSTRUCT AN ANALYTIC FUNCTIQ , 
---- G RULE: TO CO, 1\4 13'( p~ woRKINON METHOD . ~ll~ 

l_~m~s t 
,✓' -'.' When u is given 
easel- • ,i. (x y) . au d equate it to '1'1 , , · 

Step 1. Find ax an 

F' d au and equate it to 4>2 (x, y). 
Step 2. 10 ay b nd y by 0 in q,1(x, y) to get $1(z, 0). 

Replace x Y z a 
Step 3. b and y by o in q,z(x, y) to get $2(z, 0). 
Step 4. Replace x y z J { . 

/Step 5. Find/(z) by the fonnula/(z) = <!>1 (z, 0) - i<\>2 (z, 0)} dz + c 

. . II When v is given Case • 

F
. d av and equate it to ljll(x, y). 

Step 1. 10 ax · 
Step 2. Find aav and equate it to ljl_i(x, y). 

Replac~ x by i and y by 0 m ljl I (x, y) to get 'I' l (z, 0). 
Step 3. 
Step 4. Replace x by z and y by 0 in \Jli(x, y) to get '1'2(z, 0). 

Step 5. Find f(z) by the formula 

f(z) = J{ o/, (z, 0) + i'lf 2 (z, 0)} dz+ c 

Ca/se'Ill. When u - v is given. 

/ We know that 

Adding (1) and (2), we get 

f(z) = u + iv 

i.f(z) = iu - v 

(l + i)/(z) = (u - v)+ i(u + v) 

⇒ 

where 

Here, 

F (z) = U + iV 

F(z) = (l + i)f(z) 

U = (u - v) is given 

(2 ·--0) 
··· ) [Multipl · 

Ying by 1l 

Find out F(z) by the method described in case I, then substitute the value ofF(z) in (3) 
F(z) . , we get 

f(z) .= -. 
l + I ·c ~ , Wh · · · JSe. ... en u + v 1s given. 

:_,,,/ We know that f(z) = u + iv 

if(z) = iu - v 

Adding (1) and (2), we get 

⇒ 

where 

(1 + i)/(z) = (u - v) + i(u + v) 

F(z) = U + iV 

F(z) =(I+ i)/(z) 
Here, 

. V = (u + v) is given 

... (]) 
[Multiplying by i] ... (2) 

[U=u-v] 
... (3) V=u+v 

Fmd out F(z) by the meth d d .b d . 0 escn e m case II, then substitute the value of/ (z) in (3), we get 

f(z) = F(z) 
l+i 

_ ____ r_u.....:n.=ct1ons of Co . 

. 'If u = x2 - Y-,find mplex Variable, Analytic Functions ❖❖ ~v2G5 _____ -- , 

a a correspond· 
u mg anal t· fi 

- = 2x = <I> (X dU y IC Unction. 
111doll• ax I ,y), -===-2 _ 

50 'ngxbyzandyby0 Weh ay Y-<!>2(x,y) 
epJa.Cl , ave 

Oil r f(z) = J [G\(z,0)-i<!>i(z,O)]dz 

. ~ J [2z - i(O)]dz = J 2z dz == 2 
. the reqmred analytic function z + C 

iS JS . 
Ans. 

~

•i:' Show that the.function U=e-2xy . 2 . ,• .·, ju. d SI.Il(x-y2).h .. r nctwn V an express u + iv as IS armomc. Fmd the conjugate 
(R. G.P. V. Bhopal f P analytic function of z. 

11riOD• We have, -2 , I Semester, June, 2012, 2007, Dec. 2006) 
sol . U = e xy sin(x2 -y2) 

. ntiatmg (1), w.r.t. x, we get 
p1tfere au 

2x e-2xy ( 2 2 
COS X -y ) -2ye-2xy . ( 2 2 Sill X - y) ax 

. .. (1) 

au 
e-2xy [2xco ( 2 2 . 

~ . ax s X -y )-2ysm(x2-l)]=cp,(x,y) ... (2) 

q,1 (z, 0) = 2z cos z2 

Differentiating (l ), w.r.t. y, we get 

au 2 -2xy 2 . 
ay - ye cos(x -l)- 2xe-2xy sin(x2 -/) 

au 
ay 

-2xy [ 2 2 2 
e - ycos(x -y )-:--2xsin(x2-/)]=<!>2(x,y) ... (3) 

$2 (z, 0) = - 2z sin z2 

Differentiating (2), w.r.t, 'x', we get 

a2u · 
ax2 = -2ye-2xy [2xcos(x2-l)-2ysin(x2-l)J 

+ e-ixy [2cos(x2 - /) + 2x (2x) {-sin(x2 - /)} -2y(2x)cos(x2 - /)) 

a
2
u -2xy 2 . 2 2 • 2 2 2 2 

⇒ ax2 = e [-4.xy cos (x -y) +4y sin(x -y ) + 2cos(x -y ) 

-4x2 sin(x2 - /) - 4.xycos(x2 
- /) 1 

e-2xy [-8.xycos(x2 
- /) +4y2 sin(x2 - /) + 2cos (x2 - /)- 4x2 sin(x2 - y2)] ... (4) 

Differentiating (3), w.r.t. 'y', we get 

a
2

u = -2xe-2xy [-2ycos(x2~/)-2xsin(x2 -/)) 
ay2 . 

+ e-2xy [-2cos(x2 - /) +2y (-2y) sin(x2 - /) - 2x(-2y)cos(x2 
-/)] 

a
2
u -2 2 2 2 • 2 2 2· ( 2 2) => 2 ":' e xy[4xycos(x -y) +4x sm(x -y )- cos x -y 

ay 2 · 2 2 2 2 
-4y sin(x -y )+4.xycos(x -y )] 

a2
u 2 2 2 2 2 . 2 2 2 . 2 2)] (5) ayi = e-xy [8.xycos(x2 -y )+4x sin(x -y )-2cos(x -y .J-4y sm(x -y ... 
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::i2u a2u - 0 
u +- -. get -, a 2 

Adding (4) and (5), we ax~ '.Y 

is harmonic. . f z 
Which proves that u ss u + iv as a function o . 

we have to expre O)] dz 
Now _ f [.+. (z, 0) - i (j>2 (z, 

j(z) - '1'I , 

== f [2z cosz2 - i (- 2z si~ z2)] dz 

. 2 _ i cos z2 + C · 
== Sill Z 7 • • 2') + C 
== - i (cos z- + z sm z 

.2 
·e'z + C 

.== - z sin 2x , find/ (z). 
-,1-p•w, .. ,,•g■ If u - cosh 2y + cos 2x . 

5/ 2 Zx)2cos2x-sin2x(-2sm2x) I i)u (cosh y+ cos 2 

Solution. -a - ( cosh 2 y + cos 2x) 
!X · 2 2 ) 

2 h2 cos 2x+ 2(cos 2x+ sin 2x 2cosh 2ycos2x+ 2 
= cos Y (cosh 2 y + cos2x)' = ( cosh 2y + cos 24" = <I>, (-<,y) ... OJ 

. - o1 ·n· (!) we get Now puttmg x = z, Y - ' 
2cos2z+ 2 

~, (z,O)= (l+cos2z)2 

au -sin2x(2sinh2y) -2sin2xsinh2y -.+. ( ) 
. - 2 2 - 't'2 x,y 

Agam . ay - (cosh2y+cos2x) (cosh2y+cos2x) ... (2) 

• Now putting x = z, y = O in (2), we get 
$ (z, 0) = 0 . 2 f (2 cos 2z + 2) f I 

f(z)=f [<l>i(z,O)-i(j>2(z,O)] dz= (I 
2 

)2 dz=2 I 
2 

dz 
+cos z +cos z 

= zJ-1
-dz = Jsec2 

zdz = tanz+C 
2cos

2 
z Ans. 

which is the required function. 

■¥-i111Ml~jr'Find the analytic function J (z) = u + iv, given that 
( v = e' (x sin y + y cosy). . . 

A av x( . ) , . ( ) ( Solutiob. ax =e xsmy+ycosy +e· smy='lf2 x,y ⇒ '1'2 x ,y)='1'
2 

(z,O)=0 

!; =ex(xcosy+cosy-ysiny)='lf1(x,y) ⇒ 'I', (x,y)=\JI, (z,O)=zi+e' 

f(z)= f ['1'1(z,O)+i'!i2 (z,O)]dz 

= J [ez(z+l)+i(O)]dz=(z+l)ez :_fez dz 

· = (z + 1) e' - e' + C = z e' + C Ans. 
Which is the ~quired function. 

lii:ji,j.jfitti1
6 

Show th ·t"" (; · · I · 
•-il-lli.iM .. M. .. Wil.q~_lij_ Ml a "' x cosy -.y sm y) 1s a harmonic junction. Find the anayhc 

./I function for which e' (x cosy - y sin y) is imaginary part. 
(U.P., III Semester, June 2009, R.G.P V., Bhopal, JIJSemester, Feb. 2010) 

. ,. 

- ..... v1 1..,on,plex Variabl 
v = e< ( e, Analytic Functions ❖❖ Here x cosy _ y sin ) · 

collltiofl•_ating partially w.r.t. x and Y we h Y 
;, ·fferentl av ' ave . 
01 - == ex ( 

ax xcos Y-ysin Y) +ex r 
- cosy=='l'2(x,y), (say) ... (I) av 

- == ex (-xsin 
ay Y-ycosY-siny) == '1'1 (x, y) (say) ... (2) 
a2 . 

V x 

:___a 2 == e (xcos Y-ysin y) + X 

x . e cosy+ex cosy 

= ex (xcosy-ysiny+2c ) 
a2 osy ... (3) V x 

a,,2 = e (-xcos y+ ysiny-2cosy) 
and ., ... (4) 

. equations (3) and (4), we have 
p.dd1ng cf V a2v . 

ax2 + ay2 == O ⇒ v is a hannonic function. 

utting x = z, y = 0 in (1) and (2), we get 
]'ioW p ( 0) z z 

'1'2 z, =ze + e ' '1'1 (z,O) = 0 
by Milne-Thomson method, we have 

I-Jenee f 
f (z) = ['1'1 (z, 0) + i\jf2 (z, O)] dz+ C 

= f [O+i(ze
2 

+ez)] dz +C= i(ze1 -e1 +ez) + C = ize2 + C. 

. •s the required analytic function. · Ans. ThIS I / . . ~-M'11~- If u - v = (x - Y) (x2 + 4 xy + y2) and f (z) = u + iv is an analytic functzon of 
_/✓ z = x + iy, find f (z) in terms of z by Milne Thomson method · 

Sotiition. We know that 
f(z) = u+iv 

if(z) = iu-v 
Adding ( l) and (2), we get 

(1 + i) f (z) = (u - v) + i (u + v) 
F (z) = U + i V 

U = u - v = (x - y) (x2 + 4xy + y2) 

au 
= (x2 + 4xy + y2) + (x - y) (2x + 4y) 

~ .2 = x2 + 4xy + y2 + 2x2 + 4xy - 2xy - 4y 
= 3x2 + 6xy - 3y2 

~, (x, y) = 3x2 + 6xy- 3y2 
~ 1 (z, 0) = 3z2 

au = _ (x2 + 4xy + y2) + (x -y) (4x + 2y) 

ay = _ x2 _ 4xy _ y2 + 4x2 + 2xy - 4xy - 2y2 

= 3x2 - 6xy - 3y2 
· ~ 2 (x, y) = 3x2 - 6xy- 3y2 · 

~ 2 (z, 0) = 3z2 

F (z) = U + iV 
au .av 

F'(z) = ox +ia; 

. .. (1) 
... (2) 

[

(l+i) f(z) = F(Z)1 
u-v=U 

· u+v=-V 

·;, 

... 



. . enng IVl«=!'c:fl~II_':'.,:"'':.:.:"-:::·:::· -~--------
Introduction to Engin.e ---

. . by ;, we get . 
Multiplying i./{z) = iu - v 

) · get 
. "Adding (1) and (2 , we . + v 

(l + i)J(z) == (u - v) + ,(u ) 

F(z) == U + iV 
F(z) = (1 + i) f(z) 

2sin2x 

'•,(<) 

'•,(3) [~:11,l>] 
1/i-l> 

where 

U + V = V = 2y 2 /Y + e- - 2 C.OS X 
2sin2x 

⇒ 
V == 2cosh2y-2cos2x 

sin2x 

⇒ 
V= 2 cosh 2y- cos x 

. . d we have to find out F(z) by Milne Thomson method H re V is given an 
e ' av -2sin 2xsinh 2y _au_ 

Now, 

and 

- 2-a -'1',(x,y) ay (cosh 2y- cos 2x) x 

av 
ax 

2 cos 2x(cosh 2y - cos 2x) - 2 sin2 2x 

(cosh 2y- cos 2x)2 

2 cos 2x cosh 2y- 2(cos2 
2x + sin 2 2x) 

(cosh 2y- cos 2x)2 

2 cos 2x cosh 2 y - 2 
2 (cosh 2y - cos 2x) 

'l'z(x,y) 

On replacing x by z and y by O in \j/ 1 (x, Y ), we get 

\jl1(z, 0) == 0 

On replacing x by z and y by O in \jlz(x, y), we get 

· 2(cos2z -1) -2 -2 

'•·(4) 

···(SJ 

'••(6) 

(say) 

'V2(z, O) = (l 2 )2 = 1- cos 2z -cos z 
----=--- C 2 
1 - 1 + 2 sin 2 z - - osec z 

au .av 
F'(z) = -+1-

ax c!x 
By Milne Thomson method, we have 

F(z) = J{\j/ 1(z, 0) + i \jlz(z, 0)} dz 

= J -i cosec2 z dz = i cot z + c 
Replacing F(z) by (1 + i)f(z), from equation (5), we get 

(1 + i) /{z) = i cot z + c 

f(z) = ._i __ cot z + _c_ 
1 + I 1 + i 

⇒ 

1 ' 
f(z) = 2 (1 + i) cot z + c

1 

which is the required function. 

C 
where c 1 = l+i Ans. 

· :.,-~. · 
-'------~·Functions of Corn - ·~ - . - -- - - . ------ ·• ··-

Plex Variabl ·e . . . . _ . e, Analytic Functions ❖❖ 
. XERCISE 1 j):_ -_ .. 

t the f ollowmg functions are bar - . . . .2 . - ·. . ' -. . ·, 
'" tJtll (1 - y) mon1c and det . -

Sb~ 11 ::::: 
2 

,-, . Ans. v '=er~•~~ the conjugate functions. 
· _ ;2 + 3xy + 3xy2 r - r + 2 y + C 

I ::::: '];( I ti t'i • A v c: __ 3 2 2 3 z. ~ine the ana y c unction, Whose real Part is ns. 2 (x - Y ) +- y2 + y3 + 2 Y + C 
pete' (l _ y) 2 

3. '};<. ~ Ans. i z2 + 2z + C 
w1 ✓x2 + y (K.U. ; 2009) A 

4. o y ns. log z + C 
2 y2+5x+y-~ ,.x- x+y 

oS .x cosh Y 
Ans. z2 + (5 ~ i) z-!..+ C 

z 
6, C 2 + 2X2 - y3 - 2 y2 

3X Y 1
' ,x3 _ J.xy2 + 3x

2 
- 3 y 2 + 2x + I 

s. 
e-x (xsiny-ycos y) 

9. 
l'(xcos 2y- ysin 2y) 

10. 
-.t(rcos y + y siny) and /(0) = i. 

Ans. cos z + c 

11, e - • • 

llline the analytic function, whose imaginary part . 
~~ 2 ~ 
1z. v= log(x2 + y )+x-2y (G.B.T.U., 2012) 

13, v == sinh .x cosy 
x-y 

v==~ 14, X + y 

y 
15 v== ----1 

. xi+ y-

16. v == (r-f )sin 0 

Ans. 2z2-iz3 +C 

Ans. z
3 

+3z2 +2z+C 

Ans. i(ze-z + C) 

Ans. z e1
' + iC 

Ans. ze-z +i 

Ans. 2ilogz-(2-i)z+ C 

Ans. sin iz + C 

Ans. (1 + i)..!..+ C 

l 
Ans. -+C 

·z 

z 

i ., 
Ans. z +-+C 

z 

17. Iff (z) == u + iv is an analytic function of z == x + iy and u _ v eY -cosx+sinx 
-----, find 

coshy-cosx 

f (z) subJect to t e con 1tton t at - = - . . h d' . h 1(1t) J-i 
2 · 2 

z . 1-i Ans. f(z)=cot- +-
2 2 

~ind an analytic function /(z) = u(r, 0)+iv(r, 8) such that V(r,8) = r2 cos20-rcos0+2. · 

Ans. i [z2 - z + 2] 
19. Show that the function u = x2 - I- 2xy- 2x - y - I is harmonic. Find the conjuga4: hannonic 

function v and express u + iv as a function of z where z = x + iy. 

Ans. v = x2 - y2 + 2ry + x - 2y; (1 + i) z2 + (-2 + i) z - 1 
20. Construct an analytic function of the form f (z) = u + iv, where v is tan-1 (ylx), x :f. 0, Y :f. 0. 

Ans. log cz · 
21. Show that the function u = e-2:<y sin (x2 - y) is harmonic. Find the conjugate function v and 

· A = e-1xy cos (x2 - r) + C express u + iv as an analytic function of z. ns. v 
-2 C f (z) == -_ j(!'Z + I 

-· ... 


